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ON THE RELATIVE CAPACITY ON ALMOST
COMPLEX SURFACE
SZYMON PLIŚ
Abstract. We built the pluripotential theory on almost complex
surfaces. Using Bedford-Taylor type relative capacities we prove
among others that J-holomorphic curves as well as negligible sets
are pluripolar and Josefson’s type theorem on almost Stein sur-
faces.
1. Introduction
Let (M,J) be an almost complex surface (an almost complex mani-
fold of real dimension 4). For functions u, v ∈ W 1,2loc (Ω), where Ω ⊂ M
is a domain, we can define, see [P2], a wedge product
i∂∂¯u ∧ i∂∂¯v
as a (2, 2) current. If u, v are C2 functions then it is the standard wedge
product of continuous forms. If u, v ∈ W 1,2loc (Ω) are plurisubharmonic
then it is a regular Borel measure, see [P2, P3] and (i∂∂¯u)2 is called
the Monge-Ampère operator.
The goal of this article is to study plurisubharmonic functions, the
Monge-Ampère operator and the relative capacity on almost complex
surfaces in the spirit of Bedford-Taylor [B-T2] which (together with
[B-T1]) created pluripotential theory in Cn.
In his famous paper [G] M. Gromov shows a deep connection be-
tween analysis on almost complex manifolds and symplectic geometry.
For the "generic" almost complex structure J there is no non-constant
J-holomorphic functions. On the other hand there is always plenty of
J-holomorphic discs which constitute a powerful tool for symplectic ge-
ometry. Plurisubharmonic functions are another objects which locally
always exist and can be viewed as dual to J-holomorphic discs. They
are very important for symplectic applications too but it seems that
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CAPACITY 2
they are much less understood. In the present paper we develop the
theory of this class of functions in the case of surfaces.
The main difference between Cn and an almost complex manifold
(with the non-integrable almost complex structure) is the fact that for a
plurisubharmonic function u, the positive current i∂∂¯u is not necessary
closed. Thus the pluripotential theory on almost complex manifold is
in some sense similar to pluripotential theory on hermitian manifold
where the current i∂∂¯u+ ω is not closed too (for this subject see [K2]
and references there). However, the theory in the non-integrable case
is much more difficult. This is, among others, because in the case
of hermitian manifolds the non-closed part of i∂∂¯u + ω is just the
hermitian form ω which is smooth and does not depend on u whereas
in our situation the non-closed part of i∂∂¯u is only in L2loc (at least for
bounded u) and strongly depends on u.
In [R] J.-P. Rosay proved that J-holomorphic (smooth) curves are
pluripolar (for more general result of any submanifold see [E], for appli-
cation of the pluripolarity to theory of J-holomorphic discs see [I-R]).
We prove that any (not necessary smooth) J-holomorphic curve on an
almost complex surface is pluripolar (Corollary 18). The problem of the
pluripolarity of singular submanifolds in higher dimensional manifolds
is still open.
The most important result in the paper is the quasi-continuity of
plurisubharmonic functions (Proposition 27 and Theorem 34) which
allow us in particular to prove that negligible sets are pluripolar (The-
orem 32) and obtain further results about the pluripolarity (Corollary
33 and Theorem 35).
All results proved in the paper, in the case of Cn, are proved in the
classical paper [B-T2]. However the author have learned the subject
from [B1] and [K1]. In particular, when it is possible, we follow (as
closely as possible) Kołodziej’s lecture notes.
2. Preliminaries
2.1. Almost complex manifolds and plurisubharmonic func-
tions. We say that (M,J) is an almost complex manifold if M is a
manifold and J is an C∞ smooth endomorphism of the tangent bun-
dle TM , such that J2 = −id. The real dimension of M is even
in that case. We will denote by n the complex dimension of M :
n = dimCM =
1
2
dimRM . Starting from subsection 2.3 we will as-
sume that n = 2 that is M is a surface.
All definitions below are exactly the same as in the case of complex
manifolds.
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As on complex manifolds we can define here (p, q)-forms and more
generally (p, q)-currents. We have the decomposition of the exterior
differential:
d = ∂ + ∂¯ − θ − θ¯,
where operators ∂, ∂¯,−θ and −θ¯ are respectively (1, 0), (0, 1), (2,−1)
and (−1, 2) parts of d. On the level of functions we have
d = ∂ + ∂¯.
We always assume that we have fixed an almost hermiatian form Ω (a
positive (1, 1)-form) which gives us Rimmanian metric on M , Sobolev
norms for functions and allows us to define capω. However it does not
matter for us which ω we choose hear. In dimension 2, at least locally,
we can choose ω to be closed (which is not always possible in higher
dimension, for both facts see [L]) but we will not use this fact.
Through the whole paper Ω will be a relatively compact domain in
M and D = {z ∈ C : |z| < 1}. In C we have the standard almost com-
plex structure Jst. We say that a function λ : D→ D is J-holomorphic
if dλJst = Jdλ. We say that a function u : Ω→ [−∞,+∞) is plurisub-
harmonic iff
(1) u 6≡ −∞
(2) u is upper-semicontinuous and
(3) u ◦ λ is subharmonic function or u ◦ λ ≡ −∞ for any J-
holomorphic function λ : D→ Ω.
If u is plurisubharmonic then it is locally integrable and i∂∂¯u ≥ 0,
see [P]. The converse was proved by R. Harvey and B. Lawson in [H-L].
Namely they proved that, if u ∈ L1loc and i∂∂¯u ≥ 0 then a function u˜,
given by
u˜(z) = ess lim sup
w→z
u(w)
is a plurisubharmonic function which is equal almost everywhere to the
function u.
We say that a function u on Ω is strictly plurisubharmonic iff for any
ϕ ∈ C∞0 (Ω) there is ε0 > 0 such that the function u + εϕ is plurisub-
harmonic for ε0 > ε > 0.
We say that a domain Ω ⋐M is strictly pseudoconvex (of class C∞),
if there is a strictly plurisubharmonic function ρ of class C∞ in a neigh-
borhood of Ω¯, such that Ω = {ρ < 0} and ▽ρ 6= 0 on ∂Ω. We say
that M is almost Stein if there is exhausting smooth strictly plurisub-
harmonic function on M . Of course any point on an almost complex
manifold has a strictly pseudoconvex neighbourhood and strictly pseu-
doconvex domains are almost Stein.
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In [B-T2] capacities are studied in hyperconvex domains. Here for
simplicity we will assume that Ω is strictly pseudoconvex. However all
results holds, with the same proofs, in accordingly defined hyperconvex
domains on almost complex manifolds.
R. Harvey, B. Lawson and the author proved in [H-L-P] the following
result about regularization of plurisubarmonic functions.
Theorem 1. Suppose M is an almost Stein and let u be a plurisubhar-
monic function on M . Then there exists a decreasing sequence uj of
smooth strictly plurisubharmonic functions on M such that uj ↓ u(x).
In the case of surfaces the existence of the local regularization was
proved earlier in [P3].
2.2. Dirichlet problem for the Monge-Ampère equation. Let
Ω ⊂ M be strictly pseudoconvex domain. The followinng Theorem
will be useful for us.
Theorem 2. There is a unique solution u of the Dirichlet problem:
(1)


u ∈ PSH(Ω) ∩ C∞(Ω¯)
(i∂∂¯u)n = dV in Ω
u = ϕ on ∂Ω
,
for any ϕ ∈ C∞(Ω¯) and dV is the volume form on a neighbourhood of
Ω¯.
The proof of this theorem in [P1] has a gap (in the part about the
interior second order estimate). It is corrected in a recent work of J.
Chu, V. Tosatti and B. Weinkove [C-T-W].1
For the existence of the weak solutions (in the viscosity sense) of (1)
in the case of the continuous data see [H-L].
2.3. Monge-Ampère operator. From here, we will assume that M
is an almost complex surface. For u, v ∈ W 1,2loc (Ω), where Ω ⊂ M is a
domain, we can define a wedge product
i∂∂¯u ∧ i∂∂¯v
:= −i∂∂¯(i∂u∧ ∂¯v)+∂(∂u∧ θ¯∂v)+ ∂¯(θ∂¯u∧ ∂¯v)+θθ¯∂u∧ ∂¯v−θ∂¯u∧ θ¯∂v
= −i∂∂¯(i∂u∧ ∂¯v)+∂(∂u∧ θ¯∂v)+ ∂¯(θ∂¯u∧ ∂¯v)− θ¯∂u∧θ∂¯v−θ∂¯u∧ θ¯∂v,
as a (2, 2) current. As was mentioned before, if u, v are C2 func-
tions then it is the standard wedge product of continuous forms. If
u, v ∈ W 1,2loc (Ω) are plurisubharmonic then it is a regular Borel measure
1However if we do the calculations from [P1] in corrected way, we can relatively
easily get Theorem 2 for small enough domains Ω and it is enough for applications
in [P2] and in the current article.
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and (i∂∂¯u)2 is the Monge-Ampère operator of the function u. By the
regularization we can see that the above wedge product is symmetric.
We can in a standard way define for u ≥ 0 (and so for all bounded
u)
i∂u ∧ ∂¯u ∧ i∂∂¯v =
1
2
i∂∂¯u2 ∧ i∂∂¯v − ui∂∂¯u ∧ i∂∂¯v.
By the smooth approximation and the Lebesgue monotone convergence
theorem we get
i∂u ∧ ∂¯u ∧ i∂∂¯v ≥ 0.
Note that a current ddcu is well defined for u plurisubharmonic and
dc = −dJ = i(∂¯ − ∂),
where the last equality holds on the level of functions. For smooth
functions we can calculate that
(ddcu)2 = (i∂∂¯u)2 + 2θ¯∂u ∧ θ∂¯u
and it is clear that for bounded (or in W 1,2loc ) plurisubharmonic function
u it is a positive measure too. Moreover it is an exact current
(ddcu)2 = d(dcu ∧ ddcu)
so we can apply Stoke’s theorem and even prove a comparison prin-
ciple for it (compare Proposition 29). We will exploit this facts, but
we will not use the notion ddc besides this subsection. The main rea-
sons that we prefer here to develop (i∂∂¯u)2 is that, at least for smooth
plurisubharmonic functions , (i∂∂¯u)2 = 0 if and only if u is maximal
(see [H-L] or [P1]) and it is no longer true for the operator (ddcu)2. A
similar property is that if u0 is a fixed smooth strictly plurisubharmonic
function in neighbourhood of Ω¯ then a smooth function u is plurisub-
harmonic if and only if for any t > 0 we have (i∂∂¯(u+ tu0))
2 > 0 and
again it is not true for (ddcu)2.
To see that the case of the non-integrable almost complex structure
is very different form complex manifold recall that on a holomorphic
surface ∫
Ω
ϕ(ddcu)2 =
∫
Ω
uddcϕ ∧ ddcu
for smooth ϕ with compact support which does not holds in our situ-
ation.
3. Basic estimates
The following proposition was proved in [P3].
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Proposition 3 (proposition 4.2 in [P3]). Let u ∈ PSH∩W 1,2loc (Ω) then:
i) If v ∈ PSH(Ω) and v ≥ u, then v ∈ W 1,2loc (Ω);
ii) If a sequence uj of plurisubharmonic functions decreases to u, then
it converges in W 1,2loc .
Note here that i) imply that bounded plurisubharmonic functions
are in W 1,2. From the proof in [P1] of the above we also get
Proposition 4. Let D ⋐ Ω, u, v ∈ PSH(Ω), u ≤ v ≤ 0 and u ∈
W 1,2(Ω). Then v ∈ W 1,2(D) and ‖v‖W 1,2(D) ≤ C‖u‖W 1,2(Ω), where the
constant C depends only on D and Ω.
Note that Błocki in [B2] proved the above estimate for subharmonic
functions in Rn.
As a direct consequence we get the following
Corollary 5. If K ⋐ Ω and u be a bounded plurisubharmonic function
then
‖u‖W 1,2(K) ≤ C‖u‖Ω.
Theorem 6 (Chern-Levine-Nirenberg inequalities). Let K ⋐ Ω and
u, v ∈ PSH ∩W 1,2(Ω), then∫
K
i∂∂¯u ∧ i∂∂¯v ≤ C‖u‖W 1,2(Ω)‖v‖W 1,2(Ω),
and if in addition u, v are bounded then∫
K
i∂∂¯u ∧ i∂∂¯v ≤ C‖u‖Ω‖v‖Ω.
Proof: Take a nonnegative test function ϕ which is equal 1 on K.
By definition of the current i∂∂¯u ∧ i∂∂¯v and the integration by parts
we can estimate: ∫
K
ϕi∂∂¯u ∧ i∂∂¯v
≤
∫
Ω
(
−i∂∂¯ϕ ∧ i∂u ∧ ∂¯v − dϕ ∧ (∂u ∧ θ¯∂v + θ∂¯u ∧ ∂¯v)
)
+
∫
Ω
ϕ(θθ¯∂u ∧ ∂¯v − θ∂¯u ∧ θ¯∂v)
≤ C‖u‖W 1,2(Ω)‖v‖W 1,2(Ω),
where C depends on ϕ and J . The second part follows from the first
one and Corollary 5. 
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4. Convergence Theorem for increasing sequences
As in the integrable case we define the relative capacity of the Borel
subset E of Ω as
cap(E) = cap(E,Ω) = sup{
∫
E
(i∂∂¯u)2 : u ∈ PSH(Ω),−1 ≤ u ≤ 0}.
We shall also consider the following set function associated to the form
ω:
capω(E) = capω(E,Ω) = sup{
∫
E
i∂∂¯u∧ω : u ∈ PSH(Ω),−1 ≤ u ≤ 0}.
When E ⋐ Ω then by the Chern-Levine-Nirenberg inequalities we have
cap(E,Ω) < +∞
and thus if there is a bounded function h ∈ PSH(Ω) which satisfies
ω ≤ i∂∂¯h we also have capω(E,Ω) < +∞. We say that a sequence uk
of plurisubharmonic functions defined on Ω converges with respect to
capacity to a function u if for any compact set K ⊂ Ω and t > 0
lim
k→∞
cap(K ∩ {|u− uk| > t},Ω) = 0.
In the same way we define the convergence with respect to capω.
Proposition 7. Let Ω be a strictly pseudoconvex domain and let uk
be a sequence of plurisubharmonic functions which decreases on Ω to a
bounded plurisubharmonic function u. Then it converges with respect
to capω.
Proof. We can asume that all uk are equal outside a compact set E ⊂ Ω.
We fix v ∈ PSH(Ω), −1 ≤ v ≤ 0. Using integration by parts and
Corollary 5 we can estimate
0 ≤ Ik =
∫
Ω
(uk − u)i∂∂¯v ∧ ω
= −
∫
Ω
i∂(uk − u) ∧ ∂¯v ∧ ω +
∫
Ω
i(uk − u)∂¯v ∧ ∂ω
≤ C‖uk − u‖W 1,1(K)‖v‖W 1,1(K) ≤ C
′‖uk − u‖W 1,1(K),
where constants C, C ′ depend only on Ω. Since our estimate does
not depend on the function v, by Propositions 3 we get that Ik → 0 as
k →∞ independently on v and (as in [K1]) the Proposition follows. 
Proposition 8. Let u be a bounded plurisubharmonic function on Ω
and ε > 0. Then, there exists an open set U ⊂ Ω with capω(U,Ω) < ε
and such that u restricted to Ω \ U is continuous.
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Using the regularization result (Theorem 1) we can prove it exactly
like in the case of domains in Cn (see for example the proof of theorem
1.13 in [K1]).
Again exactly as in Cn, from the above Proposition we get
Corollary 9. Let U be a uniformly bounded family of plurisubharmonic
functions in Ω. Suppose that u, v ∈ U and (vk) ⊂ U and
i∂∂¯vk → i∂∂¯v.
Then
ui∂∂¯vk → ui∂∂¯v.
Lemma 10. Let U be a uniformly bounded family of plurisubharmonic
functions in Ω. Suppose that (uk), (vk) ⊂ U increase almost everywhere
to u and v respectively. Then
i∂uk ∧ ∂¯vk → i∂u ∧ ∂¯v.
Proof. First we will prove that
(2) uk∂¯vk → u∂¯v.
Let ϕ ∈ D(2,1). Using Stokes theorem we can calculate∫
Ω
uk∂¯vkϕ−
∫
Ω
u∂¯vϕ
=
∫
Ω
(uk − u)∂¯vkϕ+
∫
Ω
u∂¯(vk − v)ϕ
=
∫
Ω
(uk − u)∂¯vkϕ+
∫
Ω
(vk − v)∂¯(uϕ).
Since L2 norms of ∂¯vkϕ and ∂¯(uϕ) depend only on ϕ and U , using the
Cauchy-Schwarz inequality, we can choose a constant C not depending
on k such that∫
Ω
uk∂¯vkϕ−
∫
Ω
u∂¯vϕ ≤ C(‖uk − u‖L2(Ω) + ‖vk − v‖L2(Ω))→ 0.
Thus (2) follows.
The second step is to obtain the following convergence
(3) uki∂∂¯vk → ui∂∂¯v.
Let ϕ ∈ D(1,1) be positive. By Corollary 9 we get
(4) lim sup
k→∞
∫
Ω
uki∂∂¯vk ∧ ϕ ≤ lim sup
k→∞
∫
Ω
ui∂∂¯vk ∧ ϕ =
∫
Ω
ui∂∂¯v ∧ ϕ.
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Set s ∈ N. Using Stokes’ theorem we can estimate
lim inf
k→∞
∫
Ω
uki∂∂¯vk ∧ ϕ ≥ lim inf
k→∞
∫
Ω
usi∂∂¯vk ∧ ϕ =
∫
Ω
usi∂∂¯v ∧ ϕ
=
∫
vi∂∂¯us ∧ ϕ+
∫
usi∂¯v ∧ ∂ϕ +
∫
vi∂us ∧ ∂¯ϕ.
From (2) and again Corollary 9 the last line with s→∞ converge to∫
vi∂∂¯u ∧ ϕ+
∫
ui∂¯v ∧ ∂ϕ +
∫
vi∂u ∧ ∂¯ϕ =
∫
Ω
ui∂∂¯v ∧ ϕ.
This together with (4) gives us (3).
In the last step we will finish the proof. By (2) and (3) we can
conclude
i∂uk ∧ ∂¯vk = i∂
(
uk∂¯vk
)
− uki∂∂¯vk → i∂
(
u∂¯v
)
− ui∂∂¯v = i∂u ∧ ∂¯v.

The previous Lemma gives us easily the following two results.
Corollary 11. Suppose that uk is a sequence of locally bounded plurisub-
harmonic functions which increase to plurisubharmonic function u al-
most everywhere. Then uk converges to u in W
1,2
loc (Ω).
Theorem 12 (Convergence Theorem for increasing sequences). Sup-
pose that uk and vk are sequences of locally bounded plurisubharmonic
functions which increase to plurisubharmonic functions u and v respec-
tively almost everywhere. Then
i∂∂¯uk ∧ i∂∂¯vk → i∂∂¯u ∧ i∂∂¯v.
5. Pluripolarity
In this section we prove the pluripolarity of J-holomorphic curves
and some other facts about pluripolarity. More general results will be
proved in section 7 but we would like to show here that some important
results can be proved without quasi-continuity what is a harder task.
Proposition 13. Assume that E ⊂ Ω ⊂M . Then
E plp⇒ cap(E,Ω) = 0.
Proof. We can assume that there is a compactly supported non-negative
function ϕ which is equal 1 on E. Let U ∈ PSH be such that
U |E = −∞. Set v ∈ PSH such that −1 ≤ v ≤ 0. Since U ∈ L
1
loc
the sequence U/k increases to 0 almost everywhere on the open set
Ω′ = {U < 0}. Thus the sequence vk = max{U/k, v} increases to
0 almost everywhere too. From the convergence Theorem we obtain
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(i∂∂¯vk)
2 → 0. On the other hand, on the open set Ωk = {U < k} we
have vk = v. Thus ∫
E
(i∂∂¯v)2 ≤
∫
Ω′
ϕ(i∂∂¯vk)
2 → 0,
and we can conclude that
∫
E
(i∂∂¯v)2 = 0. Because this holds for all v
from the definition of the capacity we get that cap(E) = 0. 
There is a constant c0 (which depends only on Ω) such that
(5) θ∂¯ϕ ∧ θ¯∂ϕ ≤ c0i∂ϕ ∧ ∂¯ϕ ∧ ω
for any smooth function ϕ defined on Ω. To prove the next result about
the pluripolarity we need the following Lemma:
Lemma 14. Let h ∈ C(Ω¯) be such that
i∂∂¯h ≥ 9c0ω on Ω and lim inf
z→∂Ω
h(z) ≥ 0.
Let D = {h < 0}. For u ∈ PSH ∩ L∞(D) satisfying
inf u = −1, lim inf
z→∂D
u(z) ≥ 0 and (i∂∂¯u)2 = 0 on D
we have u ≥ h.
Proof. Set ε > 0. Since every connected component of D is an almost
Stein manifold, by Theorem 1 there exists a sequence uk of smooth
plurisubharmonic functions on D, which decreases to u + ε. Assume
that there is k1 ∈ N such that the set {uk1 < ρ} is not empty. By
convergence theorem for decreasing sequences there exist k2 ∈ N such
that for k ≥ k2 we have
(6)
∫
{u<−ε}
(i∂∂¯uk)
2 <
1
9
∫
{uk1<h}
(i∂∂¯h)2 ≤
1
9
∫
{uk<h}
(i∂∂¯h)2.
Set k ≥ k2 and put v = uk, v˜ = (v + 1)
2 − 1, E = {v < 0}, E˜ =
E ∩ {h+v˜
3
> v}, F = {v < h}. Since 2v ≥ v˜ on E and v˜ = v on ∂E we
have
F ⊂ E˜ ⋐ E.
For small enough δ > 0 we still have
Eδ = E ∩ {
h+ v˜
3
> v − δ} ⋐ E.
Let us choose δ such that the set ∂Eδ has Lebesgue measure equal 0
and put ϕ = v − δ and ψ = max{ϕ, h+v˜
3
}.
Using (6), the assumption about i∂∂¯h and the inequality
i∂∂¯v˜ ≥ 2i∂v ∧ ∂¯v
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we can estimate∫
E
(ddcϕ)2 <
1
9
∫
E
(i∂∂¯h)2 + 2
∫
Eδ
θ∂¯v ∧ θ¯∂v +
∫
E\E¯δ
(ddcψ)2
≤
1
9
∫
E
(i∂∂¯h)2 + 2c0
∫
Eδ
i∂v ∧ ∂¯v ∧ ω +
∫
E\E¯δ
(ddcψ)2
≤
1
9
∫
Eδ
(i∂∂¯h)2 +
2
9
∫
Eδ
i∂v ∧ ∂¯v ∧ i∂∂¯h +
∫
E\E¯δ
(ddcψ)2 ≤
∫
E
(ddcψ)2.
But this inequality contradicts with Stokes theorem. This gives us that
F is empty for any choose of k ∈ N and ε > 0. We thus get u ≥ h. 
The following Lemma, which gives us the uniqueness of some very
special Dirichlet problem is a key step to prove the pluripolarity of
curves as well as further results related to the pluripolarity.
Lemma 15. Let Ω be a strictly pseudoconvex domain. Let u ∈ L∞ ∩
PSH(Ω) be such that limz→∂Ω u(z) = 0 and (i∂∂¯u)
2 = 0. Then u = 0
in Ω.
Proof. To prove the Lemma by contradiction let us assume that u 6= 0.
Put u1 =
u
‖u‖L∞(Ω)
and uk+1 = 2uk + 1 for k ≥ 1. We can choose
the defining function h1 for Ω such that i∂∂¯h1 ≥ 9c0ω. Let hk+1 =
kk +
1
2
= h1 +
k
2
and Dk = {z ∈ Ω : hk < 0}. By Lemma 14 and the
induction we easily get that hk ≤ uk. On the other hand inf uk = −1
and inf hk →∞. Contradiction! 
For an open set V ⊂M and a subset E ⊂ V we put
uE = uE,V = sup{v ∈ PSH(V ) : v ≤ 0 and v|E ≤ −1}.
The function uE is the relative extremal function well known in complex
analysis in Cn. It was studied on almost complex manifolds by Sukhov
in [S]2.
Lemma 16. A function u⋆E is plurisubharmonic and supp (i∂∂¯u
⋆
E)
2 ⊂
∂E.
Proof. By the Choquet lemma there is an increasing sequence of plurisub-
harmonic functions uj ≥ −1 with (lim uj)
⋆ = u⋆E. Since
i∂∂¯(lim uj) ≥ 0
the function (lim uj)
⋆ is plurisubharmonic and the Lebesgue measure
of the set {lim uj 6= (lim uj)
⋆} is equal to 0.
2More precisly Sukhov considers the plurisuperharmonic measure ω⋆(·, E,Ω) =
−u⋆
E
.
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Let p ∈ V \E. There is a domainD ⊂ V \E which is a smooth strictly
pseudoconvex neighborhood of p. For j ∈ N let ϕ
(j)
k be a sequence of
smooth functions which decreases to uj on ∂D. By Theorem 2, we can
solve Dirichlet problem:

w
(j)
k ∈ C
∞(D¯) ∩ PSH(D),
(i∂∂¯w
(j)
k )
2 = k−1ω2,
w
(j)
k |∂D = ϕ
(j)
k .
Put
wj =
{
uj on V \D,
limk→∞w
(j)
k on D.
Then wj is a sequence of plurisubharmonic functions increasing almost
everywhere to uE. Moreover by the convergent theorem for decreasing
sequences (i∂∂¯wj)
2 = 0 on D and thus by the convergent theorem for
increasing sequences (i∂∂¯u⋆E)
2 = 0 on D. But we can choose D as a
neighborhood of any point in V \E what gives us that supp (i∂∂¯u⋆E)
2 ⊂
∂E. 
Proposition 17. Let Ω be a strictly pseudoconvex domain. Assume
that E is Fσ subset of Ω and cap(E) = 0. Then E is pluripolar. More-
over there is a negative plurisubharmonic function u on Ω such that
u|E = −∞.
Proof. Let Ei be an increasing sequence of compact subsets such that⋃
Ei = E. Put wi = u
⋆
Ei
. By Lemma 16 we get that (i∂∂¯wi)
2 = 0.
Because Ω is strictly pseudoconvex we have limz→∂Ωwi(z) = 0 and by
Lemma 15 we obtain wi = 0.
Similar as in Lemma 16, by the Choquet lemma, for any i there is
an increasing sequence of plurisubharmonic functions v
(i)
k such that
limk→∞ v
(i)
k = 0 almost everywhere and v
(i)
k ≤ −1 on Ei. By the
Lebesgue’s Monotone Convergence Theorem we can choose for any i a
number k such that ‖hi‖L1(Ω) ≤
1
2i
for hi = v
(i)
k . We can conclude that
a function
u =
∞∑
i=1
hi
is negative, plurisubharmonic and u|E = −∞. 
Corollary 18. For any J-holomorphic function u : D → M , a set
u(D) is pluripolar.
Proof. Let p ∈ u(D). We can choose a strictly pseudoconvex neighbour-
hood U of p. Let E = u(D)∩U . The function u has at most countable
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many singular points (see for example lemma 2.7 in [M]). Thus using
Rosay theorem about pluripolarity of smooth J-holomorphic curves,
we get that E is a sum of countable many compact pluripolar sets.
This implies that cap(E,U) = 0 and by Proposition 17 E is pluripolar.
Thus the Corollary follows. 
Proposition 19. Let M be an almost stein manifold and let E ⊂ M
be pluripolar Fσ set. Then there is a plurisubharmonic function u on
Ω such that u|E = −∞.
Proof. Let ρ be an exhaustion smooth strictly plurisubharmonic func-
tion on M . By the Sard’s theorem there is a sequence (ak) ⊂ R for
which ak+1 ≥ ak + 1 and all connected components of
Ωk = {z ∈M : ρ(z) < ak}
are strictly pseudoconvex. Like in the proof of Proposition 17 we can
choose a function uk ∈ PSH(Ωk) such that −1 ≤ uk ≤ 0, uk|E∩Ωk=−1
and ‖uk‖L1(Ωk) <
1
2k
. Put
vk =
{
max{ρ− ak+1, uk+2} on Ωk+2,
ρ− ak+1 on M \ Ωk+2,
and u =
∑
vk. Since vk = uk+2 on Ωk it is clear that u has required
properties. 
Comparing this results to Rosay theorem from [R] we obtain the
pluripolarity of larger class of functions and by Proposition 19 we can
choose plurisubharmonic function in a possible larger domain. On the
other hand from the point of view of applications (see [I-R]) it seems
that it is more important to have the complete pluripolarity of sets
which is not obtained by our methods.
6. Convergence in capacity for decreasing sequences
This section is the most technical part of the paper.
We will need the following lemma.
Lemma 20. Let u, v ∈ W 1,2(Ω) be such that u = 0 outside some
compact subset of Ω and i∂∂¯u ∧ i∂∂¯v is of order 0, then∣∣∣∣
∫
Ω
i∂∂¯u ∧ i∂∂¯v
∣∣∣∣ ≤ C‖u‖W 1,2(Ω)‖v‖W 1,2(Ω).
Proof: By Stokes’ theorem we get∫
Ω
i∂∂¯u ∧ i∂∂¯v =
∫
Ω
θθ¯∂u ∧ ∂¯v − θ∂¯u ∧ θ¯∂v,
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and thus the statement follows. 
For a locally bounded plurisubharmonic function w we will use the
notion 〈u, v〉w for the real part of the expression
i∂u ∧ ∂¯v ∧ i∂∂¯w.
It is well defined, in particular when u, v ∈ PSH∩L∞loc and in that case
〈u, u〉w ≥ 0
and
〈u, v〉w =
1
2
(〈u+ v, u+ v〉w − 〈u, u〉w − 〈v, v〉w) .
We can linearly extend 〈·, ·〉w for any linear combination of plurisub-
harmonic functions but at the moment the positivity of 〈u− v, u− v〉w
is not clear.3
Proposition 21. Let u, v, w ∈ PSH ∩ L∞loc. Let (uk), (vk) ⊂ PSH be
sequences of plurisubharmonic functions which decrease to u, v respec-
tively. Then
〈uk, vk〉w → 〈u, v〉w.
Proof. Let us first assume that v is smooth. In the same way as for
〈u, u〉w we get that
〈u− v, u− v〉w ≥ 0.
This gives us the Cauchy-Schwarz inequality∫
E
〈x, y〉w ≤
√∫
E
〈x, x〉w
√∫
E
〈y, y〉w,
for x, y which are linear combinations of u and v and E a compact set.
Let uk be a sequence of smooth plurisubharmonic functions which
decreases to u. Then
0 ≤ 〈uk − u, uk − u〉w
=
1
2
i∂∂¯(uk − u)
2 ∧ i∂∂¯w − (uk − u)i∂∂¯(uk − u) ∧ i∂∂¯w
≤
1
2
i∂∂¯(uk − u)
2 ∧ i∂∂¯w + (uk − u)i∂∂¯u ∧ i∂∂¯w.
By Proposition 20 the first term converges to 0 and by the monotone
convergence theorem the second term converge to 0 too and thus
〈uk − u, uk − u〉w → 0.
3As well as the independence of 〈x, y〉w from the representation of x and y as
linear combinations of plurisubharmonic functions. But we will consider only the
case where x and y are linear combinations of two fixed plurisubharmonic functions
and it is clear how to calculate 〈·, ·〉w .
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Using the Cauchy-Schwarz inequality we get that
(7) 〈uk, uk〉w → 〈u, u〉w.
Thus by the regularization we get that for x, y any linear combinations
of plurisubharmonic functions 〈x, y〉w is well defined (it not depend on
the way how we represent x and y as a linear combinations) and
〈x, x〉w ≥ 0.
Using this we can now repeat the proof of (7) for not necessary
smooth uk and by definition of 〈·, ·〉w the Proposition follows. 
Lemma 22. Let u, v ∈ PSH∩L∞loc(Ω). Then ∂u∧∂v ∈ L
2
loc(Ω) and L
2
norm of it on compact subset E ⊂ Ω depends only on E, ‖u‖L∞(Ω) and
‖v‖L∞(Ω). Moreover, if (uk) ⊂ PSH(Ω) decreases to u then ∂uk ∧ ∂v
converges to ∂u ∧ ∂v in L2loc(Ω).
Proof. Since the statement is local we can assume that Ω is strictly
pseudoconvex and 1 ≥ u, v ≥ 0. Let E be any compact subset of Ω.
To prove that ∂u ∧ ∂v ∈ L2loc(Ω) it is enough to show that∫
E
i∂u ∧ ∂¯u ∧ i∂v ∧ ∂¯v < +∞.
This can be easily estimate in the following way.
0 ≤ i∂u ∧ ∂¯u ∧ i∂v ∧ ∂¯v =
(
1
2
i∂∂¯u2 − ui∂∂¯u
)
∧
(
1
2
i∂∂¯v2 − vi∂∂¯v
)
≤
1
4
i∂∂¯u2 ∧ i∂∂¯v2
and we get
0 ≤
∫
E
i∂u ∧ ∂¯u ∧ i∂v ∧ ∂¯v ≤ cap(E,Ω).
To prove the convergence of currents we will estimate from above
the following quantity
I = I(k) =
∫
E
i∂(uk − u) ∧ ∂¯(uk − u) ∧ i∂v ∧ ∂¯v ≥ 0,
where E ⊂ Ω is compact. Similarly as above we can estimate
i∂(uk − u) ∧ ∂¯(uk − u) ∧ i∂v ∧ ∂¯v
≤
(
1
2
i∂∂¯(uk − u)
2 − (uk − u)i∂∂¯(uk − u)
)
∧ i∂∂¯v2
≤
1
2
i∂∂¯(uk − u)
2 ∧ i∂∂¯v2 + (uk − u)i∂∂¯u ∧ i∂∂¯v
2
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and thus
I ≤
1
2
∫
E
i∂∂¯(uk − u)
2 ∧ i∂∂¯v2 +
∫
E
(uk − u)i∂∂¯u ∧ i∂∂¯v
2.
The first therm converges to 0 by Proposition 3ii) and Lemma 20 and
the second one by the Lebesgue monotone convergence theorem. 
For v, w ∈ PSH ∩ L∞(Ω) let us put
S = S(v, w) = ∂¯(∂v ∧ ∂¯w) + ∂v ∧ θ¯∂w + θ∂¯v ∧ ∂¯w.
The current S is of order 1 4 and we have
dS = −i∂∂¯(i∂v ∧ ∂¯w) + ∂(∂v ∧ θ¯∂w) + ∂¯(θ∂¯v ∧ ∂¯w)
= i∂∂¯v ∧ i∂∂¯w + θ¯∂v ∧ θ∂¯w + θ∂¯v ∧ θ¯∂w.
For u ∈ PSH ∩ L∞(Ω), by Lemma 22, the current uS can be well
defined as current of order 1 too, as
uS(ϕ) =
∫
−∂v ∧ ∂¯w ∧ ∂¯(uϕ) + u∂v ∧ θ¯∂wϕ+ uθ∂¯v ∧ ∂¯wϕ.
We also put
du ∧ S = i∂∂¯v ∧ i∂u ∧ ∂¯w + ∂u ∧ ∂v ∧ θ¯∂w + ∂¯u ∧ θ∂¯v ∧ ∂¯w.
Again by Lemma 22 it is well defined current of order 0.
We need the next Lemma to be able to use Stokes theorem for the
current uS.
Lemma 23. Let u, v, w ∈ PSH ∩ L∞(Ω) and let S = S(v, w) be as
above. Then
d(uS) = du ∧ S + udS.
In particular the current d(uS) is of order 0.
Proof. If u is smooth the Lemma is a consequence of formula for dS.
For arbitrary u we can (locally) choose a decreasing sequence (uk) ⊂
PSH∩C∞ which converges to u and by Proposition 21 and Lemma 22
we obtain the Lemma. 
Lemma 24. Let u ∈ PSH ∩ L∞loc(Ω) and let (uk) ⊂ PSH(Ω) be a
sequence which decreases to u. Then for any compact subset E, there
is a sequence of positive numbers ηk converging to 0, such that∫
E
i∂(uk − u) ∧ ∂¯(uk − u) ∧ i∂∂¯v ≤ ηk,
for all v ∈ PSH, 0 ≤ v ≤ 1.
4Actually S is of order 0 but we will not use it.
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Proof. Since the statement is local we can assume that Ω is strictly
pseudoconvex and outside some compact subset of Ω all functions uk
are equal u. The quantities I1, I2, . . . below depend on k.
Let
I1 =
∫
Ω
i∂∂¯u ∧ i∂(uk − u) ∧ ∂¯(uk − u) ≥ 0
and
I2 =
∫
Ω
(uk − u)i∂∂¯u ∧ i∂∂¯uk ≥ 0
We have
I1 =
1
2
∫
Ω
i∂∂¯u ∧ i∂∂¯(uk − u)
2 +
∫
Ω
(uk − u)i∂∂¯u ∧ i∂∂¯(u− uk)
and thus
I1 + I2 =
1
2
∫
Ω
i∂∂¯u ∧ i∂∂¯(uk − u)
2 +
∫
Ω
(uk − u)(i∂∂¯u)
2.
Using Lemma 20 we get that the first term in the last line is bounded
by C‖uk − u‖W 1,2(Ω) and the second one converges to 0 independently
on v too. Thus I1, I2 converge to 0 as k → 0.
In the similar way we can show convergence of the following sequence
of integrals
I3 =
∫
Ω
i∂∂¯uk ∧ i∂(uk − u) ∧ ∂¯(uk − u) ≥ 0.
Let us calculate
I3 =
1
2
∫
Ω
i∂∂¯uk ∧ i∂∂¯(uk − u)
2 +
∫
Ω
(uk − u)i∂∂¯uk ∧ i∂∂¯(u− uk)
=
1
2
∫
Ω
i∂∂¯uk ∧ i∂∂¯(uk − u)
2 +
∫
Ω
(uk − u)i∂∂¯uk ∧ i∂∂¯u
and again the first term is bounded by C‖uk−u‖W 1,2(Ω) and the second
is equal to I2.
Let w ∈ {u, uk}. Put
I5 =
∫
Ω
Rei∂∂¯w ∧ i∂(uk − u) ∧ ∂¯v.
By the Cauchy-Schwarz inequality we can estimate
|I5| ≤
√∫
Ω
i∂∂¯w ∧ i∂v ∧ ∂¯v
√∫
Ω
i∂∂¯w ∧ i∂(uk − u) ∧ ∂¯(uk − u)
≤ C
√∫
Ω
i∂∂¯w ∧ i∂(uk − u) ∧ ∂¯(uk − u).
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Its gives us that for
I6 =
∫
Ω
Rei∂∂¯(uk − u) ∧ i∂(uk − u) ∧ ∂¯v
we have
|I6| < C(
√
I1 +
√
I2),
which again gives us the convergence of this quantity to 0.
Put
I7 =
∫
Ω
Re
(
∂¯(uk − u) ∧ θ∂¯(uk − u) ∧ ∂¯v
+(uk − u) (θ¯∂(uk − u) ∧ θ∂¯v + θ∂¯(uk − u) ∧ θ¯∂v)
)
.
Using Lemma 22 and the Cauchy-Schwarz inequality we get that
I7 ≤ C‖uk − u‖W 1,2(Ω).
Put
I8 =
∫
Ω
(uk − u)i∂∂¯(u− uk) ∧ i∂∂¯v.
Using Stokes theorem we get
I8 = −I6 − I7 → 0.
Finally ∫
Ω
i∂(uk − u) ∧ ∂¯(uk − u) ∧ i∂∂¯v
=
1
2
∫
Ω
i∂∂¯(uk − u)
2 ∧ i∂∂¯v + I8.
Again by Lemma 20 the first term can be estimated by C‖uk−u‖W 1,2(Ω)
and thus we get the convergence to 0. 
Lemma 25. Let u, v ∈ PSH(Ω) and 0 ≤ u, v ≤ 1. Let (uk) ⊂
PSH(Ω) be a sequence which decreases to u. Then a sequence ∂uk∧∂v
converges to ∂uk ∧ ∂v in L
2
loc independently on v. More precisely, for
any compact subset E, there is a sequence of positive numbers ηk de-
creasing to 0, which does not depend on v, such that∫
E
i∂(uk − u) ∧ ∂¯(uk − u) ∧ i∂v ∧ ∂¯v ≤ ηk.
Proof. Since i∂v ∧ ∂¯v ≤ i∂∂¯v2, the Lemma follows directly from the
previous Lemma. 
Theorem 26. Let Ω ⊂M be strictly pseudoconvex, u ∈ PSH(Ω)∩L∞loc
and let (uk) ⊂ PSH(Ω) be a sequence which decreases to u. Then
uk → u with respect to capacity.
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Proof. As usuall we can assume that uk = u outside some compact
subset of Ω. It is enough to prove that for v ∈ PSH(Ω), 0 ≤ v ≤ 1 the
integral
Jk =
∫
Ω
(uk − u)(i∂∂¯v)
2
converges to 0 independently on v. Using the definition of (i∂∂¯v)2 and
Stokes theorem we get
Jk = −
∫
Ω
Rei∂∂¯v ∧ ∂(uk − u) ∧ ∂¯v − 2
∫
Ω
Re∂(uk − u) ∧ ∂v ∧ θ¯∂v
−2
∫
Ω
Re(uk − u)θ¯∂v ∧ θ∂¯v.
By the Cauchy-Schwarz inequality the first term is bounded by∫
Ω
i∂(uk − u) ∧ ∂¯(uk − u) ∧ i∂∂¯v
which converges to 0 by Lemma 24. By Lemma 25 the second term
converges to 0 independently of v too. To estimate the third term,
using (5) we have
θ¯∂v ∧ θ∂¯v ≤ c0i∂∂¯v
2 ∧ ω
and we can do this exactly like in the proof of convergence with respect
to capω (Proposition 7). 
7. Quasi-continuity and applications
As in the case of Cn (and similarly as in section 5) as a direct con-
sequence of Theorem 26 we obtain the quasi-continuity of bounded
plurisubharmonic functions.
Proposition 27. Let u ∈ L∞loc ∩ PSH(Ω), where Ω is strictly pseu-
doconvex, and let ε > 0. Then, there exists an open set U ⊂ Ω with
cap(U,Ω) < ε and such that u restricted to Ω \ U is continuous.
As in the case of quasi-continuity with respect to capω we get an
appropriate convergence of currents.
Corollary 28. Let U be a uniformly bounded family of plurisubhar-
monic functions in Ω. Suppose that u, v, w ∈ U and (vk), (wk) ⊂ U
and
i∂∂¯vk ∧ i∂∂¯wk → i∂∂¯v.
Then
ui∂∂¯vk ∧ i∂∂¯wk → ui∂∂¯v ∧ i∂∂¯w.
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Proposition 29. Let Ω be almost Stein and u, v ∈ PSH ∩ L∞(Ω). If
lim inf
z→w
(u− v) ≥ 0,
for any w ∈ ∂Ω, then∫
{u<v}
(i∂∂¯v)2 + 2θ¯∂v ∧ θ∂¯v ≤
∫
{u<v}
(i∂∂¯u)2 + 2θ¯∂u ∧ θ∂¯u.
This proposition can be proved exactly in the same way as the Com-
parison principle in Cn. The reason that we assume here that Ω is
almost Stein is that we are able to regularize plurisubharmonic func-
tions only in such domains.
For E ⊂ Ω put
cap⋆(E) = inf
E⊂U
cap(U).
From definition we have
(8) cap⋆(
⋃
Ei) ≤
∑
i
cap⋆(Ei),
for any countable family {Ei} of subsets.
Lemma 30. Let Ω be strictly pseudoconvex and E ⊂ Ω. Assume that
cap⋆(E) = 0. Then there is a negative plurisubharmonic function u on
Ω such that E ⊂ {u = −∞}.
Of course a proof of this Lemma is very similar to the proof of Propo-
sition 17.
Proof. Let U be an open subset of Ω and let Ki be an increasing se-
quence of compact subsets with
⋃
Ki =
⋃
intKi = U . The sequence
u⋆Ki decreases to u
⋆
U and by the convergence theorem for decreasing
sequences we have ∫
Ω
(i∂∂¯u⋆U)
2 ≤ cap(U).
Let Ei be an increasing sequence of relatively compact subsets with⋃
Ei = E. Fix i. We can choose a decreasing sequence of relatively
compact open subsets Uk such that cap(Uk)→ 0. Thus∫
Ω
(i∂∂¯u⋆Uk)
2 → 0.
By the convergence theorem for increasing sequences and Lemma 15
the sequence u⋆Uk converge almost everywhere to 0 and we can choose
k such that
‖ui‖L1(ω) ≤
1
2
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for ui = u
⋆
Uk
. Since ui ≤ −1 on Ei we can conclude that a function
u =
∑
i
ui
has the required properties. 
For an open set U ⊂ Ω obviously we have cap⋆(U) = cap(U). For
compact subsets we will prove the following
Lemma 31. Let Ω be strictly pseudoconvex and let E ⊂ Ω be compact.
Then if cap(E) = 0 then cap⋆(E) = 0.
Proof. By Proposition 17 there is a negative plurisubharmonic function
u such that E ⊂ {u = −∞}. Let U ⋐ Ω be a neighbourhood of E,
Uk = {u < −k} ∩ U and uk = 3u
⋆
Uk
+ 1. Since 1 ≥ uk ≥
3
k
u + 1,
the sequence uk increases to 1 almost everywhere. In particular by
Corollary 11 and Theorem 12 we infer
lim
k→∞
∫
V
(i∂∂¯uk)
2 = lim
k→∞
∫
V
θ¯∂uk ∧ θ∂¯uk = 0,
where V = {u1 < 0}. For any hk ∈ PSH(Ω) such that −1 ≤ hk ≤ 0
by Proposition 29 we can estimate∫
Uk
(i∂∂¯hk)
2 ≤
∫
{uk<hk}
(i∂∂¯hk)
2 + θ¯∂hk ∧ θ∂¯hk
≤
∫
{uk<hk}
(i∂∂¯uk)
2 + θ¯∂uk ∧ θ∂¯uk ≤
∫
V
(i∂∂¯uk)
2 + θ¯∂uk ∧ θ∂¯uk → 0.
Thus
cap(Uk)→ 0
and the Lemma follows. 
The use of Proposition 29 was not necessary in the above proof. We
could just use Stokes Theorem like before.
A set E ⊂ Ω is called negligible if E ⊂ {u < u⋆} for u a supremum of
family of plurisubharmonic functions. As in Cn it is clear that pluripo-
lar sets are (at least locally) negligible. Now we prove the converse.
Theorem 32. Let Ω be strictly pseudoconvex and let E ⊂ Ω be negli-
gible. Then there is a negative plurisubharmonic function u on Ω such
that E ⊂ {u = −∞}.
Proof. Let u = sup uα, where (uα) ⊂ PSH(Ω) and E ⊂ {u < u
⋆}.
By Choquet’s lemma we can assume that u = lim uk where uk is an
increasing sequence of plurisubharmonic functions. Let (Ki)i∈N be a
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sequence of compact subsets such that Ω =
⋃
Ki. By (8) and Lemma
30 it is enough to show that cap⋆(A) = 0 for
A = Aits = Ki ∩ {u ≤ t < s ≤ u
⋆},
for all i ∈ N, t, s ∈ Q and t < s.
Set ε > 0. We can assume that uk are bounded (if not we put new
uk as max{uk, t − 1} and the set A does not change). By the quasi-
continuity we can choose an open subset U ⊂ Ω such that cap(U) < ε
and all functions uk and u
⋆ are continuous on Ω \ U . Then B = A \ U
is compact. By Lemma 31 and because ε is arbitrary it is enough to
show that cap(B) = 0.
Let h ∈ PSH ∩ L∞(Ω). We will show that
(9)
∫
B
(i∂∂¯h)2 = 0.
Since B is compact we can assume that uk = u
⋆ outside some compact
subset of Ω. We have∫
B
(i∂∂¯h)2 ≤ (t− s)−1
∫
Ω
(u− uk)(i∂∂¯h)
2 = (t− s)−1Ik.
To estimate I we will use integration by parts (in particular we use
here Lemma 23)
Ik = i∂∂¯(uk − u) ∧ i∂h ∧ ∂¯h
−∂(u − uk) ∧ ∂h ∧ θ¯∂h− ∂¯(u− uk) ∧ θ∂¯h ∧ ∂¯h− 2(u− uk)θ¯∂h ∧ θ∂¯h.
To estimate the first term note that
i∂∂¯(uk−u)∧ i∂h∧ ∂¯h =
1
2
i∂∂¯(uk−u)∧ i∂∂¯h
2−hi∂∂¯(uk−u)∧ ii∂∂¯h,
and by Lemma 20 and Corollary 28 it converges to 0. The last term
converges by the Lebesgue monotone convergence theorem. To esti-
mate the second term we can choose a smooth function h′ close in
W 1,2 to h. By by the Cauchy-Schwarz inequality and Lemma 22 the
expression
∂(u − uk) ∧ ∂h ∧ θ¯∂(h − h
′)
is close to 0 (independently on k). Thus the convergence to 0 of the
second term is the consequence of the convergence of
∂(u− uk) ∧ ∂h ∧ θ¯∂h
′.
In a similar way we get that
−∂¯(u− uk) ∧ θ∂¯h ∧ ∂¯h→ 0
and the Theorem follows. 
The above Theorem and Lemma 30 give the following
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Corollary 33. Let Ω be strictly pseudoconvex and E ⊂ Ω. Then
cap⋆(E) = 0 iff E is pluripolar. In particular a countable union of
pluripolar sets is pluripolar.
Another important corollary is the quasi-continuity of not necessarily
bounded plurisubharmonic functions.
Theorem 34. Let u ∈ PSH(Ω), where Ω is strictly pseudoconvex, and
let ε > 0. Then, there exists an open set U ⊂ Ω with cap(U,Ω) < ε
and such that u restricted to Ω \ U is continuous.
Proof. By proposition 27 a function eu is quasicontinuous and thus
there is an open set U1 such that cap(U1,Ω) < ε/2 and e
u restricted to
Ω\U1 is continuous. By Corollary 33 there is an another open set U2 for
which cap(U2,Ω) < ε/2 and {u = −∞} ⊂ U2. The union U = U1 ∪ U2
is the set we are looking for. 
Using Corollary 33, in the same way as Proposition 19 we can prove
the following Josefson type Theorem.
Theorem 35. Let M be an almost Stein manifold and let E ⊂ M be
pluripolar set. Then there is a plurisubharmonic function u on Ω such
that u|E = −∞.
8. Open Problems
The most important problem here is to built the pluripotential theory
in higher dimension. However the theory on surfaces is not complete
too. Let us give here three interesting open questions.
Question 1. Does the domination principle hold for the Monge-
Ampère operator on almost complex surfaces? More precisely: assume
that for u, v ∈ PSH ∩ L∞(Ω) we have (i∂∂¯u)2 ≥ (i∂∂¯v)2 on Ω. Does
u ≤ v outside compact subset of Ω imply that u ≤ v in Ω? The answer
is unknown even in the case of continuous functions (see [P3] for some
partial result in this direction).
Question 2. Let Ω be strictly pseudoconvex and E ⋐ Ω. Is there
any upper estimate of cap⋆(E) in terms of
∫
Ω
(i∂∂¯u⋆E)
2?
Question 3. Let u ∈ PSH and v ∈ PSH ∩ L∞. Is the current
u(i∂∂¯v)2 well defined?
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